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Abstract. We explore Lie superalgebra deformations of the Killing superalgebras of some 
ten-dimensional supergravity backgrounds. We prove the rigidity of the Poincare superal- 
gebras in types I, IIA and IIB, as well as of the Killing superalgebra of the Freund-Rubin 
vacuum of type IIB supergravity. We also prove rigidity of the Killing superalgebras of the 
NS5, DO, D3, D4 and D5 branes, whereas we exhibit the possible deformations of the Dl, 
D2, D6 and D7 brane Killing superalgebras, as well as of that of the type II fundamental 
string solutions. We relate the superalgebra deformations of the D2 and D6 branes to those 
of the (delocalised) M2 brane and the Kaluza-Klein monopole, respectively. The good be- 
haviour under Kaluza-Klein reduction suggests that the deformed superalgebras ought to 
have a geometric interpretation. 
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1. Introduction 



This paper continues the study initiated in pQ of Lie superalgebra deformations of Killing 
superalgebras of supergravity backgrounds [21 [31 SI El El El Ell CD]- The focus in [1] was 
on eleven-dimensional supergravity backgrounds: the Minkowski and Preund-Rubin back- 
grounds, whose Killing superalgebras were shown to be rigid, as well as the elementary branes 
and the elementary purely gravitational backgrounds. Of these, the M5-brane Killing super- 
algebra is rigid, but all the others admit deformations. The physical interpretation, if any, 
of these deformations was not explored in pQ: they could be due perhaps to quantum cor- 
rections or perhaps to geometric limits within classical supergravity. This latter possibility 
is explored further in [12]; although in the present paper we shall give indirect evidence for 
the geometric origin of such deformations. In this paper we treat the case of types I and 
II ten-dimensional supergravity backgrounds. We discuss the Minkowski vacua in all three 
theories as well as the elementary brane backgrounds. As in the analysis of Kaluza-Klein 
reductions in [13], the asymptotic flatness of the brane backgrounds allows us to rephrase 
questions about the symmetries of these backgrounds in terms of the symmetries of the as- 
ymptotic Minkowski vacuum. In particular their Killing superalgebras are subsuper algebras 
of the relevant Poincare superalgebra and the computation of deformations will borrow much 
from the case of the Poincare superalgebras. 

We will not explain the methodology in this paper. It is explained in [TJ Section 2], which 
the reader should consult for the details. In a nutshell, the tangent space to the moduli space 
of deformations of a Lie superalgebra 6 is given by the cohomology group H 2 (t;i), which 
we calculate for the Killing superalgebras of these supergravity backgrounds by using the 
superalgebra version of the factorisation theorem of Hochschild and Serre. If H 2 (t;t) = we 
say that t is rigid. Otherwise, every line in H 2 (i;t) defines an infinitesimal deformation of 6 
and one can investigate whether it integrates to a one-parameter deformation. This requires 
the vanishing of a potentially infinite number of obstructions in .ff 3 (6;t), but in practice we 
will not have to go beyond second order in any of the deformations found here. 

The complexity of the calculations increases as we move from type I to type IIB and then to 
type IIA supergravities, and we have decided to organise the paper in increasing complexity. 
Within each theory, however, we have ordered the sections in such a way that we first treat 
the Minkowski and Freund-Rubin vacua and then the brane-like backgrounds in increasing 
brane dimension. We now give a summary of the results. 

In Section [2] we discuss type I backgrounds. In Section 12.11 we prove the rigidity of the 
Poincare superalgebra and in Section [2]3] we prove that of the D5-brane superalgebra, whereas 
in Section [2.21 we exhibit a one-parameter deformation of the Dl-brane superalgebra. In Sec- 
tion [3] we discuss type IIB backgrounds. The rigidity of the Poincare superalgebra is demon- 
strated in Section 13.11 whereas in Section 13.21 we discuss other maximally supersymmetric 
backgrounds. We sketch a proof that the superalgebra of the Freund-Rubin background is 
rigid, whereas the existence of the plane-wave limit shows that the superalgebra of the max- 
imally supersymmetric wave admits at least one deformation. In Section 13.31 we exhibit a 
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one-parameter deformation of the Dl-brane superalgebra, whereas in Sections 13.51 and 13.61 we 
prove the rigidity of the D3- and D5-brane superalgebras, respectively. The rigidity of the D3- 
brane superalgebra may come as a surprise in view of the deformation of the four-dimensional 
Poincare superalgebra. For completeness and because there seems to be some confusion in the 
literature on this topic, we work out this deformation in Section T3 .5.11 In Section T3.4I and T3.81 
respectively, we exhibit one-parameter deformations of the superalgebras of the D7-brane and 
of the fundamental string, whereas in Section 13.71 we prove the rigidity of the superalgebra of 
the NS5-brane. In Section 2] we discuss type IIA supergravity backgrounds. The rigidity of 
the Poincare superalgebra is shown in Section I4.lt whereas the rigidity of the superalgebras 
of the DO-, D4- and NS5-branes is shown in Sections 14.21 14.51 and 14.61 respectively. We exhibit 
deformations of the fundamental string, D2- and D6-brane superalgebras in Sections 14.31 14.41 
and 14.71 respectively. The latter two deformations have their origin in the deformations of 
the superalgebras of the delocalised M2-brane and the Kaluza-Klein monopole in eleven- 
dimensional supergravity. The latter deformation was found in pQ, whereas the former is 
described in Section 14.4.11 Finally in Section [5] we summarise our results and speculate on 
the geometric origin of these deformations. The paper ends with Appendix [X] which lists our 
spinor conventions and records some useful formulae. 

2. Type I backgrounds 

In this section we study the Lie superalgebra deformations of the Killing superalgebra [TT] 
of some type I supergravity backgrounds: Minkowski space, which is the unique maximally 
super symmetric background, and the half-BPS Dl- and D5-brane backgrounds. 

2.1. Rigidity of the Poincare superalgebra. The Killing superalgebra of the Minkowski 
vacuum of type I supergravity is the type I Poincare superalgebra. Let V denote a ten- 
dimensional lorentzian vector space and let so(V) denote the corresponding Lorentz Lie alge- 
bra. The Poincare Lie algebra is so(V) © V. The type I spinors are chiral, and we take them 
to have positive chirality without loss of generality. Let A + denote their representation space. 
As a vector superspace, the type I Poincare superalgebra is t = to © ti with to = so(V) © V 
and ti = A_|_. Let denote an orthonormal frame for V, A e„, for fj, < v a basis for 
A 2 V and let e a denote a basis for A + . The corresponding basis for t will be denoted P„, 
and Q a . The supertranslation ideal I < t is spanned by and Q a , whereas the semisimple 
factor s is the span of the L^. The Lie brackets are those of the Lorentz subalgebra and in 
addition 

^J-'jjLVi Qa\ — 2"^A ily ' Q a 

[Lfiui Pp] = ^vpPp — VfipPv (1) 
[QaiQp] = ^ a f3 P P , 

with T]^ u the Minkowski metric relative to this orthonormal frame, and where 

' Qa = Qp(Pii,v) a > (2) 

and similarly for the action of any other element in the Clifford algebra C£(V), and 

r^:=(e Q ,r^) , (3) 

where (— , — ) is the s-invariant symplectic structure on A. 

We are interested in the cohomology group H 2 (t; t) which can be computed from the com- 
plex C* := C*(J; t) s of s-equivariant linear maps A'l — ► t. We write these maps tensorially as 
invariant elements in A'l* <g> t. It should be pointed out that this way of writing them incurs 
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in some signs. Indeed, whereas the natural isomorphism Hom(A*I, t) = t <8) A* I* carries no 
sign, the isomorphism 6 <g> A'l* = A'l* © 6 does carry signs whenever we are interchanging 
odd objects. Let P^ and Q a denote the canonical dual basis for I*. The differential d of the 
complex C* is defined uniquely by the following action on I* and on 6 as an /-module: 

dQ a = 

dP„ = (4) 
dQ a = -K p Q p ® P» 

<*V = t] w P p ®P V - r) vp P p ®P fl + \Q a © • Q a . 

As there are no Lorentz scalars in t, C° = 0. There are also no 1-coboundaries. The space 
C 1 of 1-cochains is spanned by the cochains corresponding to the identity maps V — ► V and 
A + — » A + ; that is, P M © P M and Q a ®Q a - Computing the differential d : C 1 — » C 2 , we find 

d (P" © P„) = ir^Q a AC?' 3 ®?, 

(5) 

d(Q Q ©Q Q ) = T^Q a AQ"®?, , 

whence we see that there is one cocycle 2P^ © P M - Q a © Q Q . We conclude that H x (l; 6) ^ 
R, corresponding to the outer derivation which gives Qq, weight 1, P M weight 2, and L pu 
weight 0. We also see that there is a one-dimensional space of 2-coboundaries, spanned by 

The space of 2-cochains consists of s-equivariant maps A 2 / — > t. As there are no such maps 
V © A + — > A + and A + ®A + ^ A 2 F, we find only the following 2-cochains: P^ AP"® 
and r^oQ Q A © P^, corresponding to the natural isomorphism A 2 V — ► so(V) and the 
projection 5" 2 A + — > V. A simple calculation shows that 

d(p^ ap"8 v) = r^p" /\Q a aq 13 ® v + ±p" ArAQ^r^-Q^o, (6) 

whence the only cocycle is also a coboundary and hence H 2 {t; t) = 0, showing the rigidity of 
the type I Poincare superalgebra. 

2.2. A deformation of the Dl-brane superalgebra. To describe the type I Dl-brane 
superalgebra, we split the ten-dimensional space as V = W ffi W ± , where W is lorentzian 
and two-dimensional. The Dl superalgebra is 6 = to © h with 6o = so(W) ffi W ffi so(VT J -) 
and ti = Adi = {e € A_|_|i^£ = z}, where the volume element v-w of W is skewsymmetric 
relative to the spinor inner product and satisfies Vyy = +1. Let L Mi , = e^L, P M , L a h and Q Q 
be a basis for 6. The nonzero Lie brackets are those of so{W^~) and in addition 

[-^j Qa] — 2^2 a 
[Labi Qa] — 2^ a b ' Q a / n \ 

[L,P,]=e^P u U 

[Qa,Q/3]=r^P At . 

Since so(VF) is abelian, it is not part of the semisimple factor and it must be included in the 
ideal /, which is now spanned by Pu, Q a and L. The semisimple subalgebra s is now 5o(W _L ). 
However r := so(W) © so(W ± ) is reductive and a slight refinement of the Hochschild-Serre 
factorisation theorem allows us to work with cochains which are invariant under r. Indeed, 
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the cohomology group H 2 (t;t) can be computed from the complex C* := C*(/;t) c of t- 
equivariant linear maps A* I — > t. Letting L* , P^, Q a denote the canonical dual basis for I*, 
the differential d of this complex is defined uniquely by the following relations 



dp» = 


\KpQ a A Q p + ^-L* A P 


dQ a = 


\L* A Q a 


dL* = 





dPp = 


L* ® e/i>„ 


dQa = 


-\L*®Q a -Ty$ > ®P li 


dL = 


-P» ® e/P„ - \Q a ® Q a 


dL a b = 


® r a6 • q q . 



(8) 



In this case, C° = 6 r is spanned by L, but since dL ^ 0, PT°(6;t) = and dimP 1 = 1. 
The space of 1-cochains is 4-dimensional, with basis L* ® L, P M ® P„, P' 4 ® e^ u P u and 
Q Q ® Q a - Finally, the space of 2-cochains is 5-dimensional, spanned by P M AP"® e^L, 
L'AP^P,,, L* ® ® e/P^, L* AQ a ® Q a and Q a /\ Q 13 ® rJgP M . Computing the 
differentials d : C 1 -> C 2 and d : C 2 -> C 3 , we find that iP^(t;t) = R, with representative 
cocycle 93 := 2P^ ® P^ - ® Q a , and P 2 (t;6) = R, with representative cocycle L* A tp. 
This infinitesimal deformation integrates to a one-parameter family of Lie superalgebras with 
brackets 

[L, Q a ] = (t — ^)Qa 

[L,P v \=2tP li + eJP v (9) 

lQa,Q/3]=K f} P„ 

in addition to those involving so(W ± ), which remain undeformed. The reader may be forgiven 
for suspecting a discrepancy from the sign of the t-dependent terms in the brackets above 
and the relative sign in the cocycle ip. As explained above, this is due to the signs in the 
isomorphism W ® V* = V* ® W whenever V and W are both odd subspaces. The signs can 
be read off from the formulae in jT] Section 2]. 

2.3. Rigidity of the D5-brane superalgebra. The type I D5-brane superalgebra is the 
subsuper algebra of the Poincare superalgebra defined as follows. We first split the ten- 
dimensional lorentzian vector space V = W ® W , where W is a six-dimensional lorentzian 
subspace. Then the D5-brane superalgebra t = to © fii, where 60 = so(W) © W ©so(VK ± ) and 
fii = Ads = {e G A + \v]ye = e}, where vyy is the Clifford algebra element which represents 
the volume form of W. It is skewsymmetric relative to the invariant symplectic form on 
spinors and satisfies Vyy = +1. Let e a be a basis for Ad5 and and e a bases for W and 
W- 1 , respectively. Let Q a and P M denote the corresponding basis for the ideal I < t. The 
semisimple subalgebra s is spanned by L^ u and L ao . Relative to this basis, the Lie brackets 
of 6 are given by those of so(W) ffiso(VF J -) and 

[Lfxi/f Qa] — ^"^V 17 ' Qot 

[Labi Qa] = 2^ a b ' Q a (10) 

\I j ^iui Pp] — Vi^pPp Vp-pPis 

[Qa, Qp] = ^apPp > 
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where again 

IV • Q a = Qf3(T^f a (11) 

and 

r^:=(e a ,r%) . (12) 

Let P^ and Q a denote the canonical dual basis for I*. The differential d of the complex 
C = C°(I;i) s is defined uniquely by 

dpfl = \K?Q a a Q 13 

dQ a = 



dP^ = 



(13) 



dQ a = -K p Q p ® P„ 
dL,,,, = i^ p P p ®P V - Vu P P p ®Pp + \Q a ®T^ u - Q a 
dL a b = \Q a <S> T a b ■ Qa • 

Again we see that C° = 6 s = and that C 1 is spanned by P M (8> P M and Q a (8> Q a - Similarly, 
C 2 is spanned by P^AP"® and Q a A Q? ® r^P M . It is easy to compute the differentials 
d : C 1 — > C 2 and (i : C 2 — ► C 3 and we see that i^ 1 (t; = E, with representative cocycle 
2P M (8> -P/j — Q° <8> <5a, and that PT 2 (I; 6) = 0, whence the type I D5-brane superalgebra is rigid. 



3. Type IIB backgrounds 

In this section we explore the Lie superalgebra deformations of the Killing superalgebras of 
certain type IIB backgrounds. We start with the Minkowski vacuum, treat briefly the other 
maximally supersymmetric backgrounds and then go on to the elementary brane backgrounds. 

3.1. Rigidity of the Poincare superalgebra. The Killing superalgebra of the Minkowski 
vacuum is the type IIB Poincare superalgebra £ = to © li, with to = so(V) © V the Poincare 
algebra and 6i isomorphic to two copies of the positive chirality spinor representation A + of 
so(V). We will denote these two copies by A+, where 7 = 1,2. Let e a be a basis for A + and 
let and Q^ denote the corresponding bases for A+ and ti, respectively. Then t is spanned 
by Pp, L^v, and Q a subject to the following brackets, in addition to the ones of the Poincare 
subalgebra, 

[L/a>, Qa] = 2^^ u ' ,\ 

{QlQj] = 5 IJ Y^P,, 

where 

LjUi, • Qa = Qpfi 'a , (15) 

and 

r^:=(e Q ,r^) . (16) 

In other words, C£(V) and the spinor inner product act independently in each of the two 
copies of the spinor representation. 

The supertranslation ideal I < I is now spanned by Q^ and P^ whereas the semisimple 
factor s = so(V). Let QJ and P p denote the canonical dual basis for I*. 
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Let C* = C*(I;t) s denote the complex of s-invariant maps A' I — ► t, with differential d 
defined by the following relations 

dP" = \T^Q a A Q 13 

dQf = 

dP„ = (17) 
dQ I a = -S IJ T^Q f} J ®P li 

dL^ = r] w P p ®P U - Vv P P p ®P» + \QJ ® I> ■ Qi . 

As there are no Lorentz scalars in t, C° = t s = 0. The space C 1 of 1-cochains is 5-dimensional, 
spanned by the cochains corresponding to the identity maps V —> V and Aj_ — ► Ai_, namely 
Pt 1 ® Pf, and QJ®Q J a . The space C 2 is 4-dimensional, spanned by the natural isomorphism 
A 2 V = so(V) and the projections A+ <g> — > V which are symmetric in I *-* J. Evaluating 
the differential d : C 1 -> C 2 we find 

d {Qi ® Qi) = 5 JK K P Q a i a ® p m , 

from where we see that iP(t; 6) — M 2 , with representative cocycles 2P^ <S> — Qf <8> and 
ej 7 Q? ® This means that dimS 2 = 3 and since 

d (P" AP"® L^) = 5 /J r^Q? A A P v ® + ip^ ArAQ?®r F .Q^0, (19) 

we see that P 2 (t; 6) = and the IIB Poincare superalgebra is rigid. 

3.2. Other maximally supersymmetric backgrounds. As shown in [T3], there are only 
two other maximally supersymmetric IIB backgrounds: the Freund-Rubin background |15| 
with geometry AdSs xS 5 , and the maximally supersymmetric wave [8]. The Killing superal- 
gebra of the Freund-Rubin background is the simple Lie superalgebra su(2, 2|4), whereas that 
of the maximally supersymmetric wave is the contraction [16\ \T7\ [18] induced by the plane- 
wave limit |19l [20] . This observation implies that the Killing superalgebra of the maximally 
supersymmetric wave is not rigid, and it admits at least a one-parameter family of deforma- 
tions, isomorphic to su(2,2|4) for nonzero values of the parameter. We will not compute the 
space of deformations in this paper, but as in the similar situation in eleven dimensions [T], 
we would be surprised if there were any other deformations. 

As for su(2, 2|4) itself, the fact that it is simple does not immediately imply that it is rigid. 
A closer look at the rigidity results for simple Lie superalgebras [H] shows that the crucial 
condition used in the proof is the nondegeneracy of the Killing form. Whereas Cartan's 
criterion guarantees that this is the case for semisimple Lie algebras, this is not the case for 
superalgebras. Indeed, in Kac's list [25] there are simple Lie superalgebras with degenerate 
(or even zero) Killing form and indeed, the Lie superalgebra of type D(2, 1) has zero Killing 
form and admits a one-parameter deformation D(2, l;a) which remains simple for all values 
of a. Curiously, as shown in [3], the Killing superalgebra of the near-horizon geometry of 
a |-BPS configuration of rotating intersecting branes in eleven-dimensional supergravity is 
isomorphic to two copies of D(2, 1; a) — the parameter a having a geometric interpretation as 
the ratio of the radii of the two 3-spheres in the near- horizon geometry AdS3 xS* 3 x S 3 x 1R 2 . 

The Lie superalgebra su(2,2|4) too has zero Killing form, hence the result of [21] does not 
apply, and moreover since the algebra is simple, there is no Hochschild-Serre factorisation. 
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However the cohomology H 2 (t;t) may be calculated from the subcomplex of cochains which 
are invariant under the semisimple even subalgebra 60 = su(2, 2) ©su(4). The space of 2- 
cochains breaks up into three, which are the to-invariant subspaces of A 2 6q <g> to, 6q <g> t* ® t 1 
and S 2 ^ ® t . As an t -module, t = (A 2 ^ (2 ' 4) ® R) (K ® A 2 V^), where F( 2 > 4 > and F^ 6 ) 
are the vector representations of so (2, 4) = su(2, 2) and 50(6) = su(4), respectively. Similarly, 
61 = |A( 2,4 ) ® A' 6 '], where A^ 2,4 ) and A^ 6 ) are the positive-chirality spinor representations 
of so(2,4) and so(6), respectively, which are complex four-dimensional, and where if W is a 
complex vector space, [W] is a real vector space defined by [W] <S>r C = W ® W. In other 
words, it is the vector space spanned by the real and imaginary parts of the vectors in W, 
whence dimajW] = 2dimcVF. In this case, A^ 2 ' 4 ) (g) A^ 6 ) is complex and 16-dimensional, 
whence ti is real and 32-dimensional, as expected. Since 60 is semisimple, it is rigid as a Lie 
algebra, we can assume that its Lie brackets remain undeformed, hence we can assume that 
a cocycle defining an infinitesimal deformation of su(2, 2|4) has no components in A 2 tg ® to- 
By the same token, the rigidity of ti as an to-module says that the putative cocycle cannot 
have components in t^ ® t* <8> t 1 , whence the cocycle, if it exists, must belong to the to- 
invariant subspace of S* 2 tJ ® to- A simple roots-and-weights calculation shows that this space 
is two-dimensional made out of the natural maps 

A (2,4) 3 A (2,4) ^ R and A (6) A (6) ^ A 2y(6) (2Q) 

A( 6 ) <g> A< 6 > ^ R and A( 2 ' 4 ) ® A( 2 ' 4 ) ^ A 2 ^ 2 - 4 ) (21) 

which means that the [ti,6i] bracket has two parameters, which we can choose to take the 
value 1 in the undeformed superalgebra su(2,2|4). The (ti,ti,ti) Jacobi identity fixes the 
ratio of these two parameters to be 1 and we can further set them to be equal to 1 by rescaling 
the odd generators, hence proving the rigidity of the superalgebra. 

3.3. A deformation of the Dl-brane superalgebra. The Killing superalgebra of the 
type IIB Dl-brane is the subsuperalgebra t of the IIB Poincare superalgebra with to = 
so(W) © W ©so(M / - L ), where V = W © W 1 - is the decomposition of the 10-dimensional 
lorentzian vector space into a 2-dimensional lorentzian subspace W, corresponding to the 
brane world volume and its 8-dimensional perpendicular complement. The odd subspace ti is 
isomorphic to the graph Adi C A + ffiA + of the endomorphism fyy : A + — ► A + corresponding 
to the volume form of W. As in the type I Dl-brane, the extension of vyy to the Clifford 
module is skewsymmetric relative to the spinor inner product and obeys = +1. 

Let e„ and e a span W and W- 1 , respectively and let £ a span A+. Let tp a = -4= ( £a ) 

V2 \yws a J 

be a basis for Adi- The corresponding basis of t is given by _P M , L^ u = e^ u L, and Q a . The 
Lie brackets are inherited from those in equation (|14|) and are given explicitly, in addition to 
those involving L a j,, by 

[L, Q a ] = —\v\y ■ Q a 

[L,P^] = e tt v P v (22) 
[Q a ,Qf)]=TZpPv , 

where 

T^:=(^ a ,T^ (3 ) = (ea,r^ f3 ) . (23) 

As in the case of the type I Dl-brane calculation, the ideal / < t includes the generator 
L, but we may work with cochains which are invariant under the reductive subalgebra r := 
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5o(W) ®so(W ± ). Letting L* , P^ and Q a be a basis for I*, the differential in the complex 
C* = C*(I, t) r is determined by the following relations 



dp>* = 






dQ a = 


\L* KiywYpQ? 




dL* = 







dP^ = 


L* ® e/P„ 




dQa = 


-\L*®u w -Q a -T^Q^ 


)P» 


dL = 


-P" © e/P„ - \Q a ® u w ■ 


Qa 


dLab = 


\Q a © r ab • Q a . 





(24) 



The 0-cochains C° = l x are spanned by L, but c?L ^ 0, hence fi) = and dimS 1 = 1. 
The space of 1-cochains is 5-dimensional, spanned by P^ <8) P^, P^ 1 © t^Pv, L* ®L,Q a <g> Q a 
and Q a ® i^jy • Q a . Another way to understand this is to notice that the ideal I is graded by 
the action of 2L with L having degree 0, Q a having pieces of degrees ±1 and P^ having pieces 
of degrees ±2, corresponding to a Witt basis for W. The 5-dimensional space of cochains can 
be thought of as spanned by the cochains corresponding to the identity maps of each of the 
five graded subspaces. The space of 2-cochains is 7-dimensional, spanned by P M AP"® e^L, 
L* A P^ © P„, L* A P M © e^ v P v , L* A Q a © Q Q , I*AQ a 8%' Q«, Q a A Q^ T^P^ and 

Computing the differential <i : C 1 — > C 2 , we find that H l (t;t) = R, with representative 
cocycle <p := 2P^ ®P^-Q a ®Q a - Similarly, computing d : C 2 -> C 3 we find that H 2 (Z; t) = 
R, with representative cocycle L* A tp. This infinitesimal deformation integrates to a one- 
parameter family of Lie superalgebras with brackets 

[L, Qa] = tQ a — \ fW ■ Qa 

[L,P lx ] = 2tP^ + e ll v P v (25) 
[Q a ,Qp] = r^P fM 

in addition to those involving so(P^ _L ), which remain undeformed. This deformation consists 
of changing the L-weight of the generators in the Lie superalgebra in such a way that the 
QQ bracket remains invariant. This deformation is familiar from the twisting construction of 
two-dimensional topological conformal field theories. 

3.4. A deformation of the fundamental string superalgebra. The Killing superalgebra 
of the type IIB fundamental string is the subsuperalgebra t = to © ti °f t ne IIB Poincare 
superalgebra where to — so(W) © W © 5o(W ± ), corresponding to a decomposition V = 
W @ W ± where W is lorentzian and two-dimensional, corresponding to the string worldsheet. 
The odd subspace ti is isomorphic to the subspace Api C A + © A + given by 



where the Clifford endomorphism v\y corresponding to the volume form of the string world- 
sheet is skewsymmetric relative to the spinor inner product and obeys = +1. 

Let e M and e a span W and W^, respectively, and let P^, L^ u = e^ v L and L a b be the 
generators of to- Let e a and e a be basis elements for the subspaces of A + satisfying uy/s a = 
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— e a and v\y£a = £ch respectively^ Then \^^\ an< ^ 1 span Api. We let Q a and Qa 

denote the corresponding basis for t\. The nonzero Lie brackets in this basis are given, in 
addition to those of so(W ± ), by 

[_L, Qa\ — yQ a 

[L,P tl ] = e l /P u (27) 

[Qa,Qp]=K l3 P ll 

[Qa, Qp] = r^-P M , 

where 

I*, := (e a , T»e p ) and := (e a , . (28) 

The ideal I < % contains the supertranslation ideal and the generator L, but H 2 (t,t) can 
be computed from the complex C* := C*(/;t) r of cochains which are invariant under the 
reductive subalgebra r := so(W) © 5o(T4 / - L ). Letting L* , P^, and Q a denote the canonical 
dual basis for I* , the differential d in C* is determined uniquely by the following relations 

dP» = \T» ap Q a A Q 13 + |r^Q a A + e^,L* A P" 
dQ a = —\h* A Q a 
dQ* = \V A Q s 
dL* = 

dP^ = L* © e/P*, (29) 
dQ a = ±L* © Q a - T^QP © P M 

dQa = -\L*®Qa~ F^QP © P M 

dL = -P» © e/P, + \Q a © Q Q - © Q a 
d^afe = \Q a © r afc • Q Q + \Ct © r afe • Q a . 

The space of 0-cochains is 1-dimensional and spanned by L, but since dL 7^ 0, H°(t; 6) = 
and dimfi = 1. The space C 1 is 5-dimensional and is spanned by P^ © P^, P M © e^P u , 
L* © L, Q Q © Q a and Q a © Qs- As in the case of the D-string, this can be understood by the 
fact that the ideal / is graded by the action of 2L with L having degree 0, Q a and Q a having 
degrees ±1, respectively, and P M having pieces of degrees ±2, corresponding to a Witt basis 
for W . The 5-dimensional space of cochains can be thought of as spanned by the cochains 
corresponding to the identity maps of each of the five graded subspaces. The space C 2 of 
2-cochains is 7-dimensional, spanned by P^ A P v © e^ u L, L* A P^ © P M , L* A P^ © e^ v P v , 
L* AQ a ® Q a , L* A Q" 1 © Q a , Q a AQ 13 ® r^P M and Q & A Q? © r^P M . 

Computing the differential <i : C 1 — > C 2 , we find that P 1 (6;t) = R, with representative 
cocycle := 2P^ P^- Q a ® Q a - Q a ®Q a - Similarly, computing d : C 2 — > C 3 we find that 



^Here and in the sequel we use the bars on the spinors to distinguish them from the unbarred spinors and 
not to denote the Dirac conjugate. 
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[L,Q a ] 


= {t + \)Q a 


[L,Qa] 


— (t 2^Q& 




= 2tP ll + e/P„ 


[Qa, Qp] 


— r M p 


[Qa, Qp] 


— r M p 



H 2 (t; 6) = R, with representative cocycle L* A ip. This infinitesimal deformation integrates to 
a one-parameter family of Lie superalgebras with brackets 



(30) 



in addition to those involving so(W- L ) which remain undeformed. This deformation consists 
of changing the L-weight of the generators in the Lie superalgebra in such a way that the 
QQ and QQ brackets remains invariant. As in the case of the D-string, this deformation 
is reminiscent of the construction of two-dimensional topological conformal field theories via 
twisting. 

3.5. Rigidity of the D3-brane superalgebra. The Killing superalgebra of the D3-brane 
background is the subalgebra t of the type IIB Poincare superalgebra with to = $o(W) © 
W © so(W ± ) where V = W © W^, with W a four-dimensional lorentzian subspace. The 
odd subspace t± is isomorphic to the subspace Ad3 C A + © A + defined by the graph of the 
endomorphism vyy : A + — > A + corresponding to the volume form of W. This endomorphism 
obeys i/yj = — 1 and, when extended to the irreducible Clifford module, is symmetric with 
respect to the spinor inner product. 

Let e„ and e a span W and W- 1 , respectively and let e a span A + . Let ip a = -4= ( £a ) 

v 2 \yws a J 

be a basis for Ad3- The corresponding basis of t is given by P^, L^ u , L ao and Q a . The 
Lie brackets are inherited from those in equation (j!4H and are given explicitly, in addition to 
those involving L^ u and L a &, by 



[Qa,Q/3]=KpP ll , (31) 



where 



r» /3 :=(i, a ,T^ p ) = (s a ,r»ep) . (32) 

The ideal / < 6 is spanned by P^ and Q a and the semisimple factor s by L^ IU and L ao . 
Letting P p and Q a denote the canonical dual basis for I*, the differential d on the complex 
C = C*(/;t) s is determined by the following relations 

dpfl = \K?Q a A Q 13 

dQ a = 
dP^ = 

dQ a = -r^Q?®P, (33) 

dL^ = i lw P p ®P U - T]u P P p ®P^ + \Q a ®T^ u - Q a 

dL ao = \Q a © T a b ■ Qa ■ 

There are no nonzero 0-cochains, since C° = 6 s and there are no scalars in the superalgebra. 
There is a 3-dimensional space of 1-cochains, spanned by P^©P M , Q a ®Q a and Q a ®vw Q a . 
The first cochain is the identity map W — > W, whereas the other two are linear combinations 
involving the identity maps of the two irreducible complex representations of 5 into which 
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the complexification of Aq3 decomposes. In terms of real maps, we have the identity and the 
complex structure vw The space of 2-cochains is also 3-dimensional, spanned by the cochains 
corresponding to the natural isomorphism A 2 W — » so(W) and to its precomposition with the 
Hodge star ★ : A 2 W — > A 2 W, as well as to the projection 5 2 Ad3 — > W. The corresponding 
cochains are A P v ® L^, P^ AP" ' ® e^L^ and Q a AQ 13 T^Pp. 

Computing the differentials d : C 1 -»■ C 2 and d : C 2 -> C 3 , we find that iT x («; I) ^ M 2 with 
representative cocycles 2P M ig) P M — Q a ® Q Q and Q a (g) fiy ' Qa- The fact that this latter 
cochain is a cocycle rests on the skewsymmetry of (X^ v w)af3 in a /3. Similarly, we find 
that H 2 {t;t) = 0, whence the D3-brane superalgebra is rigid. 

This rigidity might seem a little unexpected due to the fact that the four-dimensional 
Poincare superalgebra admits a deformation |23t I24|. The calculation that the anti-de Sitter 
superalgebra is the unique deformation of the four-dimensional Poincare superalgebra had 
been announced in [23]) but the expression of the deformed algebra in that paper is incorrect. 
The calculation in [23] is correct, but we find that the way of writing the algebra is perhaps 
not the most transparent. For this reason we present this calculation in the following section. 

3.5.1. A deformation of the four- dimensional Poincare superalgebra. We choose to do the 
calculation using two-component spinor language, which simplifies many of the calculations. 
Our conventions are taken from [261 Appendix B]. The generators of the Poincare superalgebra 
p are Q a , Q a , P aa , L a p and L^a, with Lie brackets 

[L a /3, Pja] = tp-yPcta + CcryPpa (34) 
[Qo; Qp] — Pad ; 

together with the conjugate versions of the first two brackets, obtained from those by the 
replacements e a p i-» e^, L af3 i-> P a p h-> Pp a and Q a i-» Q a . 

Let / be the ideal spanned by P aa , Q a and Q a and s the semisimple factor spanned by 
L a p and L^. We denote by P aa , Q a and Q a the canonical dual basis for I*. The differential 
in the complex C* := C*(/;p) s is determined by the following relations 

dp aa = Q a A Qd 

dQ a = 

dPaa = (35) 
dQa = Q ® Paa 

dL a p = -e Q7 P 77 <g) Pp-y - ep^P 11 ® P a ^ + e a7 Q 7 (g> Qp + e^Q 7 (8) Q a , 
and their conjugates. 

There are no 0-cochains since there are no Lorentz scalars in the algebra. The space of 
1-cochains is three-dimensional, spanned by Q a <8> Q a , Q a <S> Q a and P aa <g> P a a- The space 
of 2-cochains is 7-dimensional and spanned by P aa A (g) CapL^^, P aa A P^^ g) £&pL a p, 

P ai * A <g> e a pQa, P ah AQ^ hpQ*' Q a A Q* ® P ^ Q a L */3 and Q A A <g> L^. 

Computing the differential a! : C 1 — > C 2 we find a two-dimensional space of cocycles, 
spanned by 2P adl (g> P Q(i - Q a <g> Q a - Q a g) Q & and Q a ® Q a - Q 61 ® Q a . Strictly speaking 
the latter cocycle is not real, so we would have to multiply by i in order to make it real. It 
corresponds to the map on spinors induced by multiplication with the volume form; that is, 
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75 in old money. Computing the differential d : C 2 — > C 3 we also find a two-dimensional 
space of cocycles, spanned by 2P aa A Q 13 © e a pQa + Q a A Q^ ® L a p and its conjugate. Since 
we are interested in deformations of the real form of the Lie superalgebra, we choose the real 
part of the cocycle; that is, 

2P a& AQP © e a pQa + 2P a& AQP ® e^Qa + Q a A Q p ® L a/3 + Q d A © , (36) 
corresponding to the following Lie brackets to first order in the deformation parameter t: 

[Paa,Qp] = —te a f3Qa 

[Qa, Qp] = ~tL a p (37) 

[Qa, Qp] = P a p ! 

and their conjugates. There is an obstruction to integrating this deformation at the next 
order, which requires introducing the bracket 

[Paa, Ppp] = t 2 e aj3 L^ + t e^L a p . (38) 

The above brackets, together with the ones involving the Lorentz generators, define a one- 
parameter family of deformations, first written down in [23], corresponding to the AdS^ su- 
peralgebra. The algebraic reason why this deformation of the 4-dimensional Poincare superal- 
gebra does not lift to a deformation of the D3-brane superalgebra is that the ten-dimensional 
chirality of the IIB spinors forbids the necessary extra terms in the QQ bracket. 

3.6. Rigidity of the D5-brane superalgebra. The Killing superalgebra of the type IIB 
D5-brane is the subsuperalgebra 6 = to © of the type IIB Poincare superalgebra with 
6o = so(W) © W © so(W ± ), where V = W © W 1 - and W a six-dimensional lorentzian 
subspace, and t± isomorphic to the subspace Ads C A + © A + defined as the graph of the 
volume form vyy '■ A + © A+, which obeys v\y = +1 and is skewsymmetric relative to the 
spinor inner product when extended to a Clifford endomorphism. 

Let e„ and e a span W and W- 1 , respectively and let e a span A+. Let ip a = -4= ( £a ) 

v2 \yws a J 

be a basis for Ads- The corresponding basis of 6 is given by P^, L^ v , L ao and Q a . The 
Lie brackets are inherited from those in equation (|14p and are given explicitly, in addition to 
those involving L^ u and L a &, by 

[Qa,Qp]=K p P„, (39) 

where 

r^:=(^,r^ /3 ) = ( £a ,r%) . (40) 

The ideal / < 6 is spanned by P M and Q a and the semisimple factor s by L^ IU and L ao . 
Letting P p and Q a denote the canonical dual basis for I*, the differential d on the complex 
C = C*(I;t) s is determined by the following relations 

dP^ = lKQ a /\Q? 



*/3 

dQ a = 
dPf, = 

dQa = -KpQ 13 ® p » 

dh yw = T] w P p ®P U - r) vp P p © P M + \Q a © ■ Q a 
dL a b = \Q a © T a b ' Qa ■ 



(41) 
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There are no nonzero 0-cochains, since C° = 6 s and there are no scalars in the super algebra. 
There is a 3-dimensional space of 1-cochains, spanned by P^®Pn, Q a ®Q a and Q a ig) vw ■ Qa ■ 



A" 

The space of 2-cochains is also 3-dimensional, spanned by the following cochains: P^ A P u ® 



V> Q a AQ?® rJgP„ and Q a A 

Computing the differentials d : C 1 - 
representative cocycle 2P^ ® Pn — Q c 



C 2 and d : C 2 -> C 3 , we find that #*(£; t) = R with 
5 Qo, whence dim I? 2 = 2. Since d : C 2 — > C 3 is not 



identically zero, we conclude that H (t;€) = 0, whence the D5-brane superalgebra is rigid. 



3.7. Rigidity of the NS 5-brane superalgebra. The Killing superalgebra of the type 
IIB NS5-brane is the subsuper algebra 6 = 6o ffi 6i of the IIB Poincare superalgebra where 
6o = so(W) © W © so(iy- L ), corresponding to a decomposition V = W © W 1 - where W is 
lorentzian and six-dimensional, corresponding to the brane worldvolume. The odd subspace 
t\ is isomorphic to the subspace Anss C A + © A + given by 



A 



NS5 



e A_ 



A. 



u w 



£2 



(42) 



where the Clifford endomorphism is\y corresponding to the volume form of the brane world- 
volume is skewsymmetric relative to the spinor inner product and obeys u 2 ^ = +1. 

Let and e a span W and W- 1 , respectively, and let P^, L^ v and L a b be the generators 
of to- Let e a and e a be basis elements for the subspaces of A + satisfying uy/e a = —e a and 

fw^a = £aj respectively, so that \^^\ an< ^ 1 span Api- We let Q a and Q<5 denote the 

corresponding basis for The nonzero Lie brackets in this basis are given, in addition to 
those of £o> by 



[Lfiui Qa] — 2^t MU ' Q°< 
[Lfiui Qa] — 2^i-iv ' Qa 
[Labi Qa] = 2^ab ' Qa 

[-Labi Qa] = 2^ a ^ ' Q& 
[Qa,Q P ]=K^ 

[Qa,Qp]=I%P 



(43) 



where, as before, 



:= (e Q ,r%) 



and 



a/3 



, Ecu r^sr 



0/ 



(44) 



The ideal / < 6 is spanned by P„, Q a and Qa and the differential in the complex C* :- 
C*(/;t) s of cochains which are invariant under the semisimple subalgebra 5 := so(W) (. 
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so(W- L ) is determined uniquely by the following relations 

dQ a = 

dCt = 
dP^ = 

dg s = -r^ p m 



dL a6 = ±Q a T afe • Q a + W r a6 • Q e 



(45) 



<*V = Vw pp ® p v- Vu P P p ®p^ + \Q a i> • Q a + ® IV • Q s 
\Q a ® r ab -Q a + \l 



There are no 0-cochains. The space C 1 is 3-dimensional and is spanned by the cochains 
corresponding to the identity maps P^P^, Q a ®Q a and Q a ®Q a - The space C 2 of 2-cochains 
is 3-dimensional, spanned by P M AP"® L^, Q a A Q 13 T^P^ and Q a A L^P M . 

Computing the differential d : C 1 — > C 2 , we find that H l (t;V) = K, with representative 
cocycle <£> := 2P M P^ — Q Q — Q a Q a • Since ci : C 2 — > C 3 is not the zero map, we 
conclude that P 2 (6;t) = 0, proving the rigidity of the IIB NS5 superalgebra. 



3.8. A deformation of the D7-brane superalgebra. The Killing superalgebra of the D7- 
brane is the subsuperalgebra 6 of the IIB Poincare superalgebra with to = so(W) © W © 
so(M /r " L ), where V = W © W ± is the decomposition of the 10-dimensional lorentzian vector 
space into an 8-dimensional lorentzian subspace W, corresponding to the brane worldvolume 
and its 2-dimensional perpendicular complement. The odd subspace t\ is isomorphic to the 
graph Ad7 C A + © A + of the endomorphism vy? : A + — ► A + corresponding to the volume 
form of W. As in the D3-brane, the extension of v\y to the Clifford module is symmetric 
relative to the spinor inner product and obeys = — 1. 

Let and e a span W and W- 1 , respectively and let e a span A + . Let ip a = 4= ( £a ) 

be a basis for Ad7- The corresponding basis of t is given by P M , L^ v , L ab = e^L and Q a . The 
Lie brackets are inherited from those in equation (|14[) and are given explicitly, in addition to 
those involving the Lorentz subalgebra of the brane worldvolume, by 

[L,Q a ] = —\l>W ■ Qa , x 

(46) 

[Q*,Qp] = K/3 p »i 

where 

r^:=^ a) r^) = ( £a ,r^) . (47) 

The ideal I < t includes the generator L, but we may work with cochains which are 
invariant under the reductive subalgebra r := so(W) © so(W ± ). Letting L*, P M and Q a be 
a basis for P, the differential in the complex C* = C*(I,t) x is determined by the following 
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relations 

dP» = \Y^Q<* A Q 13 

dQ a = \V N(y w ) a pQP 
dL* = 

dP^ = (48) 
dQ a = -\L*®vwQ a - r^Q? <g> P M 

dL = -\Q a © v\v ■ Qa 
dh^ = i lw P p ®P U - T] up P p ®P fl + \Q a ® ■ Q a . 

The 0-cochains C° = F are spanned by L, but dL ^ 0, hence H°(t;t) = and dim I? 1 = 
1. The space of 1-cochains is 4-dimensional, spanned by P p © P„, L* © L, Q a © Q Q and 
(^©I'Vi/'Qa- The space of 2-cochains is 5-dimensional, spanned by P^'AP"®!^, L* AP^P^, 
L* AQ a ® Q a , L* A Q a © i/ w • Q a and Q a A Q 13 <g> rJgP M . 

Computing the differential <i : C 1 — > C 2 , we find that = R, with representative 

cocycle if := 2P^ © P M - Q Q © Q a . Similarly computing d : C 2 -> C 3 we find that P" 2 (fi; fi) ^ 
R, with representative cocycle L* A This infinitesimal deformation integrates to a one- 
parameter family of Lie superalgebras with brackets 

[L, Q a ] = tQ a — \v~W ■ Qa 

[L,P ti ] = 2tP fl (49) 
[Qa,Qp]=K /3 P li 
in addition to those involving so(W), which remain undeformed. 

4. Type IIA backgrounds 

In this section we explore the Lie superalgebra deformations of the Killing superalgebras 
of certain type IIA backgrounds. We start with the Minkowski vacuum and then go on to 
the elementary brane backgrounds. 

4.1. Rigidity of the Poincare superalgebra. The Killing superalgebra 6 of the unique 
maximally supersymmetric solution of type IIA supergravity is the IIA Poincare superalgebra, 
which extends the ten-dimensional Poincare algebra so(V) ffi V by supercharges transforming 
in the spinorial representation A + © A_ of so(V). We will let denote an orthonormal basis 
for V and P M and L^ the corresponding basis for the Poincare algebra. We will let e a and e a 
be a basis for A±, respectively, and Q a and Qa the corresponding basis for the odd subspace 
of the Poincare superalgebra. In this basis, the nonzero Lie brackets are, in addition to those 
of the Poincare algebra, the following: 

[Lfiui Qa] — \ lv ' Qa 
[Lfiui Qa\ — 2^l lu ' Qa 

[Qa, Qp] = r^gP/x , 

where, as usual, 

:= (s a , T%) and := (s a , T»e$) . (51) 



(50) 
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The supertranslation ideal is spanned by P^, Q a and Q a and the semisimple algebra is the 
Lorentz subalgebra s = so(V). The complex computing the deformations is C* = C'(I;t) s 
and its differential is determined uniquely by its action on the above basis for t and the 
canonical dual basis P M , Q a and Q a for I*: 

dQ a = 
dQ" = 

dPn = (52) 

dQa = ® P » 

dQ & = -T^Q? ® P^ 

dL hlv = r) w pp ®p v - r) vp p p ® p m + \Q a ® r> • q q + \ct ® r> • q s . 

There are no 0-cochains and the space of 1-cochains is 3-dimensional, spanned by P^ ®P«, 
Q a ®Qa and Q a< 8)Qa, corresponding to the identity maps V — > V and A-j- — ► A±. The space 
C 2 of 2-cochains is 6-dimensional, spanned by P^AP^^L^, P lJ, AQ a (S)T /I -Q a , P^A<2"®iyQ s , 
Q a AQ 13 <g> T^P M , Q s A ® rJgP„ and Q a AQ? ® V^L^. These cochains correspond to 

the isomorphism A 2 y — > so(V), Clifford multiplication V ® A-j- — > A=p and the projections 
S 2 A ± -» V and A + ® A_ -c A 2 V. 

Computing the differential d : C 1 — > C 2 , we find 

i r /i _ n a A n /3 ~ p , i-hm a nfi 



d (P" ® P M ) = ±I^Q a AQ^F, + irJgQ 5 AQ 1 ® P^ 

a/3 1 



d (Q Q 8> Qa) = T^Q a A ® P M (53) 



d (0 s ® Qa) = rJgQ 3 A ® p m , 

so that P 1 ({ ; I) = R, with representative cocycle 2P^ ® P M - Q Q ® Q a - ® Q a . This implies 
that dimP 2 = 2, spanned by d(Q a ® Q a ) and d(Q Q ® Qa), say. 

Computing the differential d : C 2 — > C 3 , we find, in addition to the coboundaries, 

d (P" A P u ® L^) = T^P U A Q a A Q 13 ® + rJgP" AQ"AQ^ 1^ 

+ ip^ a p u a Q a ® r> • q q + ip' 1 af"aq"® r> • Q a 
d(p^ a Q a ® r M • q q ) = ir^g^ a q 7 a Q a ® r M • Q a + A Q7 a q« ^ . Qa 

-(T ll f a T^AQ a AQ^P u 

d (p* a q s ® r„Q a ) = jrjLQ^ a q 7 a Q a ® r M • Q a + ±r^_Q^ A qt a q« ^ ^ . q. 



-(r /1 )" a r^ y p'*AQ a AQT , ®p I/ 
d (q q a q^ ® r^L^) = 2 Vw r^Q a a qp a p p ® p„ + |r^Q Q aq^aq^^-q 



+ |r^Q Q a q^ a q^ ® r> • . 

(54) 

It is clear that any possible cocycle must be a linear combination of the last three cochains, 
since the differential of the first cochain is the only one having explicit dependence on L^. 
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Therefore let 

9 = aiP^ A Q a <g> r M • Q a + a 2 P^ A Q s ® T M • Q a + a 3 Q a A <g> T^L^ (55) 

and consider the equation <i© = 0. The coefficient of the monomial P^ 1 A Q a A Q' 3 (g> Pj, is 
given by 

- a! (1^ Q r^_ - a 2 (r M )T ^ + 2a 3 (r/) Q/5 . (56) 

Now, 

(r M ) 7 Q r^_ = (eg, r^r^ec) 

= -(e Q ,r M r^) (57) 

and similarly 

(r M ) 7 ^ Q = - (r/)^ + (e a ^) , (58) 

whence the expression in equation (I56p becomes 

(ai + a 2 + 2a 3 ) (r/) ajg + (ai - a 2 )<5£ (e Q , &?) , (59) 

which vanishes if and only if a± = a 2 = —03- In other words, the only possible (nontrivial) 
cocycle must be proportional to 

e' = p» a Q a ® • Q a + p^ a Q a <g> r M • Q a - Q a a ® , (60) 

whose differential dQ' has terms of four types: QQQ<g>Q, QQQ<g>Q, QQQ®Q and QQQ®Q. 
As we now show, the first two terms vanish. It will suffice to see this for the first term, which 
has the form 

\Q a a qp a ® rj^ • q q . (6i) 

By the usual polarisation identity, this will vanish if and only if for all e G A + , 

(e,r^)r M e = 0, (62) 

which says that Clifford multiplication by the Dirac current of a chiral spinor, which is null 
in ten dimensions, annihilates the spinor. This is known to be true, as proved, for instance 
in Appendix A]. The second term vanishes for precisely the same reasons, except that 
e G A_ now. It remains to investigate the QQQ ® Q and QQQ ® Q terms. It will suffice to 
analyse the former term, say, which is given by 

\Q a A Cf A Q 7 ® Q 5 (rg_ (T„) a a - (T^f 7) ■ (63) 

Again, using a polarisation identity, this term will vanish if and only if the following identity 
holds 

(e, T^e) ry - (e, F^e) T^e = Ve G A+, e G A_ . (64) 

It is not hard to check that this is not true in general, thus proving the rigidity of the IIA 
Poincare superalgebra. 

The rigidity of the IIA Poincare superalgebra might come as a surprise due to the existence 
of massive supergravities \27\ I28j which deform IIA supergravity by a mass parameter. These 
deformations are such that as the mass parameter tends to zero one recovers IIA supergravity, 
whence any background of such a massive supergravity tends to a IIA supergravity background 
in that limit and hence we would expect to find the massive supergravity background among 
the deformations of the IIA background, with a similar situation reflecting itself in their 
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superalgebras. The fact that the IIA Poincare superalgebra is rigid is consistent with the 
non-existence of maximally supersymmetric backgrounds for massive supergravities, which is 
demonstrated in [H] for the Romans theory. We are not aware of a similar result for the 
massive IIA theory of [27], but our rigidity results imply that none exists which tends in the 
massless limit to Minkowski spacetime. 

4.2. Rigidity of the DO-brane superalgebra. The Killing superalgebra of the DO-brane 
background is the subsuperalgebra of the IIA Poincare superalgebra t = to © ti, with to — 
W © so(W- L ), with W the lorentzian line spanned by eo, and t± isomorphic to the subspace 
Ado C A + © A_ defined as the graph of the linear map T° : A + — ► A_. We let e a span 
W- 1 . The corresponding basis for to are P and L a ^. We let e a denote a basis for A + and 

^ a := "75 (^r^e J ^ e a ^ as ^ s ^ or ^do- We will let Q a denote the corresponding basis for ti. 
The nonzero Lie brackets are those of so(W ± ) and 

[Labi Qa] = 2^ a b ' Q a (65) 
[Qa, Qp] = , 

where 

r° /3 :={^ Q) r°^) = <e a ,r%> . (66) 

The ideal / < t is spanned by P and Q a , whereas the semisimple factor s = 50 (I^ -1 ) is 
spanned by the L^. Letting P* and Q a denote the canonical dual basis for /*, the differential 
in the deformation complex C* = C*(J; t) a is determined uniquely by the following relations 

dP* = \T%Q a A Q 13 
dQ a = 

dP = (67) 
dQa = ~T%Q P ® P 
dL a b = ^Q a © T a 5 • Q a . 

The space of 0-cochains is spanned by P, whence H°(t; t) = R. There is a two-dimensional 
space of 1-cochains, spanned by P*®P and Q a ®Q a and a two-dimensional space of 2-cochains, 
spanned by P* A Q a ® Q a and Q a A Q 13 © T^P. Computing the differential d : C 1 -> C 2 , 
we find that H 1 ^; t) = R, with representative cocycle 2P* © P — Q a © Q a . This means that 
dim B 2 = 1 and since the differential d : C 2 — > C 3 is not identically zero, one concludes that 
-ff 2 (t; t) = 0, thus proving the rigidity of the DO-brane superalgebra. 



4.3. A deformation of the fundamental string superalgebra. The Killing superalgebra 
of the IIA fundamental string solution is the subsuperalgebra t = to © 6i of the IIA Poincare 
superalgebra associated to a decomposition of the ten-dimensional lorentzian vector space 
V = W ® W^, where W is a two-dimensional lorentzian subspace corresponding to the string 
worldsheet. This means that to = so(W) © W ®5o{W' L ) and t\ is isomorphic to the subspace 
A F i C A + © A_ defined by 

v w e± = ±e± \ , (68) 
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[L,Q a ] 


2 Qa 


[L, Qa] 


2~Qa 


[L,P„] 


— f U P 


Qa, Qp] 


— r M p 

— 1 ap r V 


Qa, Qp] 


- 1 aP^ 



where the volume element vyy obeys v\y = +1 and is skewsymmetric relative to the spinor 
inner product. Alternatively we may think of Api as the subspace of spinors having positive- 
chirality under so(W ± ). We let e M and e a be a basis for W and W^, respectively, and let e a 
and e a span Afi H A±, respectively. The corresponding basis for t is then P M , L^ u = e^L, 
L a b, Qa and Q a , with nonzero Lie brackets 



(69) 



in addition to those of so (W ), where 

:= (s a , T»ep) and 1^ := (e a ,T»ep) . (70) 

The ideal I < £ is spanned by L, P M , Q a and Q a and the semisimple factor 5 = so(W^~) 
by L a b. The subalgebra r = so(W) © so(VF _L ) spanned by L and L a h is reductive and the 
deformation complex C* := C*(/;t) r consists of r-invariant cochains. Letting L* , P^, Q a 
and Q a denote the canonical dual basis for I*, the differential in the deformation complex is 
defined by the following relations: 

dP» = \T^ p Q a A Q? + |T^Q a A + e^L* A P" 
dQ a = |L* A Q a 
dQ a = —\L* A Q a 
dL* = 

dP^ = L* ® e/P„ (71) 
dQ a = -±L* ® Q Q - T^Q^ ® P^ 
dQ a = \L* ®Q a - T^Q? P M 

= -P" <g> e/P, - ±Q a ® Q Q + ±Q a &> Qa 

dL afe = ±Q a ® r afc • q q + iQ a 8> r afe • q q . 

The space of 0-cochains is 1-dimensional and spanned by L, but since dL 7^ 0, P°(t; 6) = 
and dimP 1 = 1. The space C 1 is 5-dimensional and is spanned by P^(g>P^, P^®e^ u P v , L*®L, 
Q Q <8> Q Q and Q a <8> Q a - As in the case of the IIB D- and fundamental strings, this can be 
understood by the fact that the ideal I is graded by the action of 2L with L having degree 0, 
Qa and Q a having degrees =Fl, respectively, and P M having pieces of degrees ±2, corresponding 
to a Witt basis for W . The 5-dimensional space of cochains can be thought of as spanned 
by the cochains corresponding to the identity maps of each of the five graded subspaces. 
The space C 2 of 2-cochains is 1 1-dimensional, spanned by L* A P M ® P^, L* A P M <g> e^P u , 
L* A Q a <g> Q a , L* A Q & ® Qa, P» /\P U ® SfiuL, P M A Q a <£> ■ Q a , P^ A Q s © T M • Q a , 
Q a A QP <g> T^P^, Q 51 AQP ® T^P M , Q a A Q^ ® {v w )apL and Q a A Q^ <g) T a ^L ab . 

Computing the differential d : C 1 — > C 2 , we find that P 1 (6;t) = R, with representative 
cocycle y> := 2P^ ® P M - Q a ® Q a - Q a ® Qa, whence dimP 2 = 3, spanned by d(Q a (g> Qa), 
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d{Q^ <S> Qa) and d(L* <g> L), say. Similarly, computing d : C 2 -» C 3 we find that # 2 (e;t) = 
]R, with representative cocycle L* A (p. This infinitesimal deformation integrates to a one- 
parameter family of Lie superalgebras with brackets 

[L, Q a ] = {t-\)Q a 

[L,Q a ] = (t+l)Qa 

[L,P fl ] = 2tP ti + e IJ v P l/ (72) 

[Qa,Q(3]=K g P, 



ap ± V 
Pi ~ L c,p P V ' 



[Qa, Qr] — r_gP, 



in addition to those involving so(W ± ) which remain undeformed. This deformation consists 
of changing the L-weight of the generators in the Lie superalgebra in such a way that the QQ 
and QQ brackets remains invariant, just as in the IIB fundamental string. As in the cases 
of the IIB D- and fundamental strings, this deformation is reminiscent of the construction of 
two-dimensional topological conformal field theories via twisting. 

The fundamental string solution arises as the Kaluza-Klein reduction of the M2 brane 
along a translational symmetry of the brane worldvolume. In view of this, one might expect 
that the deformation of the M2 superalgebra found in [1] might induce a deformation of the 
fundamental string superalgebra, yet the deformation found above in (|72p is not the reduction 
of the one for the M2 brane superalgebra. If we take the geometric origin of the deformed M2 
superalgebra at face value, the worldvolume of the putative deformed M2 brane is now AdS3 
and it follows from the results of [29] that no quotient (regular or singular) of AdS3 preserves 
all the supersymmetries, whence the superalgebra of the Kaluza-Klein reduction of such a 
deformed M2-brane would be of strictly smaller dimension than that of the fundamental string 
superalgebra and hence would not appear among its deformations. 

4.4. A deformation of the D2-brane superalgebra. The D2-brane Killing superalgebra 
6 is the subsuper algebra of the IIA Poincare superalgebra corresponding to the split V = 
W © W- 1 , with W a 3-dimensional lorentzian subspace. The even subalgebra £o = so(W) © 
W ©5o(W /_L ) and the odd subspace ti is isomorphic to the subspace Ad2 C A + ffi A_ defined 
as the graph of vw '■ A+ — > A_ . The linear map i>w is symmetric relative to the spinor inner 
product and obeys v\y = +1. Let e M and e a span W and W^, respectively. Let e a span A + 

so that xj) a := -4= ( £a ) span Ad2- The corresponding basis for Ms P„, L„^, L a t, and Q a , 

v 2 Xyw^a) 

with nonzero Lie brackets given, in addition to those of to, by 

[LfAii, Qa] — 2^/^ ' Qot 

[L a b, Qa] = \^ab ' Qa (73) 
[Qa, Qp] = T^-Pju , 

where 

r^:=(^ Q ,r^) = (s Q ,r^) . (74) 

We observe that 

(V» a , = (e a ,T^u w ep) =: (T^u w ) ap (75) 

and, similarly, 

(iP a ,^p) = {£a,V ah u w e p ) =: (T ab u w ) af3 , (76) 
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whereas 

(^,r> /3 ) = o = (^ a ,r^) . (77) 

The ideal / < I is spanned by Pp and Qc whereas the semisimple factor 5 = so(W) © 
5o{W- L ) is spanned by Lp V and L a ^. The canonical dual basis for I* is P p and Q a , relative to 
which the differential in the deformation complex C* := C'(I;t) s is defined by the following 
relations 

dQ a = 
dPp = 

dQ a = -KpQ" ® P M 

dLp U = r) w P p ®P U - r) vp P p ®Pp + \Q a ®Tp U - Q a 
dL ab = \Q a ® T a fe • Q a . 

There are no 0-cochains since t s = 0. The space of 1-cochains is spanned by P^ ® Pp, 
Q a ® Q a and P p ® e p p '' / Lp U , corresponding to the identity maps — > W, Ad2 —> Ad2 and 
the composition W — > A 2 VF = so(VF) where the first map is induced by the Hodge star. The 
space of 2-cochains is 6-dimensional and is spanned by P M AP"® Lp U , P p AP"® €p U p P p , 
P p AQ a ®Tp-Q a ,Q a AQ?® T^pPp ,Q a AQ?® (T^v w ) a p V an d Q a A Q? ® (r a W) a/3 L ab . 
Notice that the cochain P p A Q a ® £p W ^ uv • Qa is already contained in the above span, since 

tfiup^^ ' Qa — r^j, ■ Qq, and 2^pfiu^^ ' Qa — ' Qa • (^0 

Computing the differential d : C 1 — > C 2 we find that i? 1 (6;t) = R, with representative 
cocycle 2P^ <g> Pp - Q a ® Q a • This means that dimP 2 = 2, spanned by Q a A Q 13 ®T p )3 Pp and 

d (P p ® e^L^) = -i (T^u w ) ap Q a AQ 13 ® Lp U 

- 2e pu p P p A P u ® P p — P^ AQ a ®T p ■ Q a . (80) 

Computing the differential d : C 2 — > C 3 we find, in addition to the coboundaries, 

d(P^ a p v ® L^) = r^Q a aq 13 ap u ® Lp V + ±p^ a p u AQ a ® i> • g a 

d (P^ 1 A P v ® €p U p P p ) = - (Tp v v w ) ap Q a A Q 13 A P p ® P v 
d(P" A Q a ® Tp ■ Q a ) = \T p al) Q a A Q? A Q"< <g> r M • Q 7 

+ (T/i/w)^ Q a A Q' 3 A P p <g> P, 
d (q q aQ^ (r^w)^ v) = 2 (iyi/ w ) a/3 Q a AQ 13 AP P ® P v 

+ \ (T pu v w ) a0 Q a AQ 13 AQ 1 ® I> • Q 7 



^T ab u w ) aP Q a A Q 13 A Q~<® T ab • Q 7 



d[Q a AQ f3 ® (T ab u w ) a/3 L ab ) = UY ab u w ) aP Q a AQ 13 AQ 1 ® T ab ■ Q 



(81) 

The first term is the only one depending on Lp U , whence any cocycle must be a linear com- 
bination of the other cochains 

9 = ai P p AP U ® ep V p P p + a 2 P p AQ a ®Tp ■ Q a 

+ a 3 Q a AQ 13 <g> (T^v w ) ap Lp U + a 4 Q Q A Q 13 ® {T ab v w ) a pL ab . (82) 
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Computing its differential, we find two types of terms: a PQQ (g> P term proportional to 

(T^v w ) a pQ a f\QP f\P»®P v {- ai + a 2 + 2a z ) , (83) 
and a QQQ <8> Q term proportional to 

Q a A Q? A ® Q 5 (a 2 r^ (r> w ) 5 7 + a 3 (r» v u w ) af3 (T^) 6 7 + a 4 (r a W W (r ab ) 5 7 ) . 

(84) 

The vanishing of the first of the above terms forces a\ = a 2 + 2a 3 , whereas the vanishing of 
the second term is equivalent to 

a 2 (e, T^e) T^ w e + a 3 (e, T^u w e) Y^e + a 4 (e, T ab u w e)T ab e = (85) 

for all e £ A+. Using equation (I137p . we can rewrite this as 

(02 - 8a 4 ) (e, T^e) r M i/ W £ + (a 3 - a 4 ) (e, r^i^e) I>e = , (86) 

whereas using (I79p we can finally rewrite this as 

(o 2 - 2a 3 - 6a 4 ) (e, T^e) = , (87) 

which vanishes if and only if a 2 = 2a 3 + 6a 4 . Therefore we see that there is a two-dimensional 
space of such cocycles, labelled by a 3 and a 4 . The line a 4 = is spanned by the coboundary 
in equation (|80p . whence we conclude that H 2 (t; t) = R, with representative cocycle 

6P" AP U ® e^PPp + 6P" A Q a ® T M • Q a + Q a A ® (r a W)a/3£ab , (88) 

which spans the line a 3 = 0. This infinitesimal deformation integrates to a one-parameter 
family of Lie superalgebras which, in addition to the undeformed brackets involving s, has 
the following nonzero brackets: 

[P^Pu] = me^Pp 

[P^Qa} = -6*ryQ Q (89) 

[Qa, Qp] = r^P^ — 2t(T ab Vw)a(3L a b ■ 

It is not hard to show that the Jacobi identity is satisfied: only the 0(t 2 ) terms need to be 
checked since, by construction, the others are satisfied. The Jacobi identity breaks up into 
several types of term: PPP, PPQ, PQQ and QQQ, the first three of which vanish trivially 
and the last vanishes by virtue of the Fierz identity (|137p . For t ^ 0, we may rescale the 
generators P and Q in order to bring the above Lie superalgebra to the following form 

[PfJ,, Pv\ — 2(i^i,PPp 

[Pfi, Qa] = T M • Q a (-gg^ 

[Qa, Q P ] = ± (t^p„ + \(X ab v w ) a pL ab } . 

As in the case of the M2-brane superalgebra deformation in [I], the choice of sign corresponds 
to a duality relating two real forms of the same complex superalgebra, corresponding to 
multiplying the odd generators by i. The even subalgebra to — so (2, 2) © so(7) with t\ 

f2 21 ( i\ ( 2 21 

transforming as AY' <8> A"', with A+ the real 2-dimensional positive-chirality spinor 
representation of so(2,2) and A^ 7 ) the real 8-dimensional spinor representation of so(7). Let 
us change basis from to V := + ^e^ p P p . We notice that L' commute with the 
supercharges and hence with P^ and that they span an so (2, 1) subalgebra. The remaining 
generators P M , L ab and Q a span a simple subsuperalgebra of t isomorphic to the exceptional 
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Lie superalgebra f(4) |22j . Therefore, as an abstract Lie superalgebra, the deformed Lie 
superalgebra in (j90j) is isomorphic to so(2, 1) © f(4). 



4.4.1. Deformations of the delocalised M2-brane superalgebra. The D2-brane solution of type 
IIA supergravity arises via Kaluza-Klein reduction from an M2-brane which has been delo- 
calised along one transverse direction. In this section we will show that the deformation of 
the D2-brane superalgebra (|90p found above has its origin in a deformation of the delocalised 
M2-brane superalgebra. As Kaluza-Klein reduction is a geometric procedure, this results 
lends support to the hypothesis that these deformations have a geometric origin. 

Let V be here an eleven-dimensional lorentzian vector space and we decompose it as 
V = W © U © Mej], where W is a three-dimensional lorentzian subspace, corresponding 
to the membrane worldvolume, W 1 - = U ffi Re^ is the transverse space, where denotes the 
delocalised eleventh direction. Delocalisation means that the metric and four-form do not 
depend on the eleventh coordinate. The symmetric delocalised M2-brane has superalgebra 
t = to ffi ti, where 6o = so(W) © W (Bso(U) ©R, with the R subalgebra corresponds to trans- 
lations along the eleventh direction, and where ti is isomorphic to the subspace AdM2 C A 
of the spinor representation consisting of spinors e € A obeying v\ye = e, where vyy is the 
volume element associated to W . It is convenient, in order to compare with the IIA results, 
to break up A = A + © A_ into eigenspaces of T^, which is in fact the same split as the one 
induced by chirality in ten dimensions. The subspace AdM2 defined above is then the graph 

of Uw '■ A + — > A_, so that if e a is a basis for A + , then ip a = -4= ( £a ) is a basis for 

v 2 \yw £ a J 

AdM2- Let P M , P = F$, L^ u , L a b and Q a denote a basis for the 6, whose nonzero Lie brackets 
are given, in addition to those of to, by 

[L/iuj Qa] — 2^M 1/ ' Q& 

[L a b, Qa] = \^ab 1 Qa (91) 

[Qa, Qp] = r^-P^ , 

where 

r^:=(^ a ,r^) = (£a,r%) . (92) 

We observe that 

r^V/3> = (s a ,T^u w sp) =: (T^u w ) ap (93) 

and, similarly, 

(iP a , T ab ^p) = (e a ,r ab v w e p ) =: (T ab u w ) al3 . (94) 

The ideal / < t is spanned by P, and Q a , whereas the semisimple factor s = so(W) © 
so(U) is spanned by L^ u and L ao . The canonical dual basis for I* is P* , P^ and Q a , relative to 
which the differential in the deformation complex C* := C*(/;6) s is defined by the following 
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relations 



dP* = 

dQ a = 
dP = 

dP, = ^ 
dQ a = -T^Q 13 ® P^ 

dh yw = r/^pPf ®P U - r) vp P p ®P^ + \Q a ®T^- Q a 

dL a b = \Q a <g) T ao ■ Qa ■ 

The space of 0-cochains is spanned by P, which is a cocycle, whence H°(t; t) = R. The space 
of 1-cochains is 4-dimensional, spanned by P* ® P, P^ 1 ® Pp, Q a ® Q a and P p <g> e p Pll/ Lp l/ . The 
space of 2-cochains is 9-dimensional, spanned by P*AP p ®Pp, P* AQ a ®Q a , P* AP p ®e p PlV Lp V , 
P»AP»®L^, P p AP v ®e^ p P p , P p AQ a ®r p -Q a , Q a AQ^T^P fM , Q a AQ?® {T p "v w ) ap L pv 
and Q a AQ 13 ® { Tabu w) a/3 L a b- Notice that the cochain P p A Q a <g> e/'T ■ Q a is already 
contained in the above span by equation ([79]) . 

Computing the differential d : C 1 — > C 2 , we see that -ff 1 (6;^) = R 2 , with representative 
cocycles P* <g> P and ip := 2P P <g> P p — Q a <g> Q a . This means that dim I? 2 = 2, spanned 
by d(Q a <g> Q a ), say, and d(P p <8> tp^Lpy) which is given formally by the expression in ([80]) . 
suitably reinterpreted for the present situation. Computing the differential d : C 2 — > C 3 we 
find that H 2 (t; V) = R 2 , with representative cocycles P* A tp and the one formally given by the 
expression (|88|) . again suitable reinterpreted. Only two lines in H 2 (t; 6) give rise to integrable 
deformations: the ones spanned by the two cocycles listed above. The first one gives rise to 
the one-parameter family of Lie algebras where P is no longer central but instead is a grading 
element with brackets 

[Pi Qa] = tQa 

[P,Pp]=2tPp, [ > 

which for t ^ can always be rescaled to set t = 1 . The second one is more interesting, since it 
is the one which reduces to the deformation (|9(J|) found above for the D2-brane superalgebra. 
The cocycle is formally identical and so are the brackets, which can be read off from (|90p . 



4.5. Rigidity of the D4-brane superalgebra. The D4-brane Killing superalgebra 6 = 
6o © ti is the subsuperalgebra of the IIA Poincare superalgebra corresponding to the split 
V = WQW- 1 , with W five-dimensional lorentzian. This means that 6 = so(W)(BW(Bso(W ± ) 
and 6i is isomorphic to the subspace Ad4 C A + © A_ defined as the graph of the linear 
map uw : A + — ► A_ defined by the Clifford action of the volume element of W, which is 
skewsymmetric under the spinor inner product and obeys v 2 ^ = — 1. 

We let and e a span W and W^, respectively and let P M , Lp V and L a b denote the 

corresponding basis for to- Let e a span A + and let ip a := i I £a ] be a basis for Ad4- 

We will let Q a denote the corresponding basis for t\. The nonzero Lie brackets are those of 
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so(W) ®so(W ± ) and in addition the following: 

[Q a ,Qf3] = KpP, 

[Labi Qa] = 2^ a b ' Q a ' 

where, as usual, 

r^ : =(^,r^) = (£a,r^) . (98) 

The ideal / < 6 is spanned by P^ and Q a and the semisimple factor s by L^ IU and L a &. 
Let P^ and Q a be the canonical dual basis for I*. Relative to these, the differential in the 
deformation complex C* := C*(J; 6) s is defined uniquely by the following relations: 

dQ a = o 
dP^ = 

dL yw = T] w P p ®P U - r) vp P p (g> P M + \Q a ® I> • Q a 

dL a b = \Q a <g> T a i, ■ Q a . 

There are no 0-cochains, whereas the space of 1-cochains is 2-dimensional spanned by the 
cochains corresponding to the identity maps W — > W and Aj)4 — > Arj4, namely P p <g> P^ 
and Q a <8> Q a - The space of 2-cochains is now 3-dimensional, spanned by P M A P u <8> L^, 
P p A Q a <g> T M • Q Q and Q a AQ 13 ® rJgP M . Computing the differential d : C 1 -» C 2 we find that 
P 1 ^; 6) = R, with representative cocycle 2P* ® P - Q a ®Q a . This means that dimP 2 = 1, 
spanned by d{Q a (g> Q a ), say. The only possible 2-cocycle is a linear combination 

6 = a x P» AF® + a 2 P p AQ a ®T fl -Q a . (100) 

The first term in the right-hand side is the only one whose differential contains L^, whence 
dQ = forces a\ = 0. Computing the differential of the second term, we find 

d (P» A Q a (8) • Q a ) = ^Q a AQ' 3 AQ"'®r^Q 1 -P^AQ a AQ^®(T^ w f a T^P u . (101) 

The first term vanishes because of identity (|62|) and the fact that (e, T a e) = 0, but the 
vanishing of the second term requires 

(T^wf cXft + (a <-> 7 ) = , (102) 
which by the usual polarisation identity, is equivalent to 

{T li u w e,T v e)=0 Ve G A+ , (103) 



? 



or, equivalently, 

(e,r M rVwe) =0 Ve € A+ . (104) 
Using the Clifford algebra and the fact that (e, T^v^e) = for all e 6 A + , we are left with 

(e,u w e) = VeeA+, (105) 
which is patently false, thus proving the rigidity of the D4-brane superalgebra. 



DEFORMATIONS OF TEN-DIMENSIONAL KILLING SUPERALGEBRAS 



27 



4.6. Rigidity of the NS 5-brane superalgebra. The IIA NS5-brane Killing superalgebra 
t = to © 6i is the subsuperalgebra of the IIA Poincare superalgebra corresponding to a 
decomposition V = W(BW ± , where W is a six-dimensional lorentzian subspace corresponding 
to the brane worldvolume. In other words, to = so(W) © W © so(V^- L ) and t\ is isomorphic 
to the subspace Ans5 C A + © A_ defined as the +1 eigenspace of the Clifford action of the 
volume element v\y of W, which obeys = +1 and is skewsymmetric relative to the spinor 
(symplectic) inner product. 

Let e M and e a span W and W 1 - , respectively and let e a and s a denote bases for Anss H A± , 
respectively. The corresponding basis for 6 is P M , L^ u , L^, Q a and Q a , and the Lie brackets 
are, in addition to those of to, the following: 

[LfAii, Qa] — 2^L LU ' Q& 
[Lfiui Qa] — 2^V tly ' Q& 
[Labi Qa] — oTab ' Qa 

-I - (106) 

[Labi Qa] — "^ab ' 



[Q«,Qp]=Kp p n 



[Qa, Qg] — r^Pu 



where, as usual, 

:= (s a , T»e p ) and := (s a , T^> . (107) 

The ideal / < t is spanned by P M , Q a and Q a , whereas the semisimple factor s = so(W) © 
so(H^- L ) is spanned by and L^. Letting P M , Q a and Q a be the canonical dual basis for 
I*, the relations defining the differential in the deformation complex C* := C'(I;t) s are the 
following: 

dP» = \T^Q a A Qf + ir^Q s A 
dQ a = 
dQ« = 
dP„ = 

= -r^Q" ® J>„ (108) 
dQ a = -r^ © P„ 

dL^ = Vfip P p ®P V - r) vp P p © P M + \Q a © • Qa + © • Q s 
o!L Qfe = \Q a © r afe • Q Q + \ct © r ab • Qa . 

There are no 0-cochains, whereas the space of 1-cochains is 3-dimensional, spanned by 
PP © P M , Q Q © Qa and Q" © Q a, corresponding to the identity maps W — ► W and Anss H 
A± — ► Ans5 H A±. The space of 2-cochains is 5-dimensional, spanned by P M A P v © L^, 
P^ A Q a © T M • Q a , P" A Q a © T M • Qa, Q a A Q 13 © T^P M and Q & A Q^ © T^P^. Notice that 
= = r a& =, whence there are no cochains of the form QQ © L. 

afi ap 1 ^ ^ 

Computing the differential d : C 1 — ► C 2 , we see that PT 1 (6;t) = R, with representative 
cocycle_2P^ ©_P At -Q Q ©Q Q -Q ,5 ©Qa. This implies that dimP 2 = 2, spanned by d(Q°©Q a ) 
and (i(Q a © Qa), say. Therefore any cohomology in dimension 2 must be represented by a 
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cocycle of the form 

G = ai P^ A P v ® L„ v + a 2 P^ A Q a © Yn ■ Q a + a 3 P» A Q a © • Q s . (109) 

As usual, the cocycle condition implies ai = because that term is the only one whose 
differential involves L^ u . The differential of the remaining terms have the form PQQ © P, 
QQQ © Q, QQQ © Q, QQQ © Q and QQQ © Q. The PQQ ® P terms are 

- P» f\Q a /\QP ® P u (a a (r M )^ a r^ + a 2 (T^ ^ a 

= P»AQ a AQP®P u (a 1 (r^) aB + a 2 (T li r»)g a ) , (110) 



which vanishes because 



(111) 



= -(eaiVw^nVep) 
= —{eatiTpVuwep) 

= ~~ r^r^eg) 

whence (I^r^)^ = and, similarly, {r^T u )^ a = 0. The QQQ © Q term also vanishes by 
polarising identity (|62p and the fact that = 0. By a similar argument we see that the 
QQQ © Q term also vanishes. The remaining terms would vanish if and only if 

(£±,T»e ± ) ry T = Ve± € A NS5 n A± . (112) 
It is not hard to show that this is false, proving the rigidity of the NS5-brane superalgebra. 

4.7. A deformation of the D6-brane superalgebra. The D6-brane Killing superalgebra 
t is the subsuper algebra of the IIA Poincare superalgebra associated to a split V = W ® W- 1 , 
with W a 7-dimensional lorentzian subspace corresponding to the brane worldvolume. This 
means that to = so(W) @W ®so{W- L ) and t\ is isomorphic to the subspace Ad6 C A + © A_ 
defined as the graph of the linear map Vw ■ ~^ A_ corresponding to the volume element 
of W, which is symmetric relative to the spinor inner product and satisfies Vy? = +1. Let 
and e a span W and W ± , respectively and let Pa, L^ u and L a j, be the corresponding basis for 

6o- If £ a is a basis for A + , then tf) a := -4= ( £a ) span Ad6- The corresponding basis for 

ti is Q a . The nonzero Lie brackets of t are given, in addition to those of to, by 

[-^jUfj Qa] — 2^A tly ' Q& 

[L a b, Qa] = \^ab 1 Qa (H3) 

[Q*,Qp]=KpPn, 

where 

r^:=(0 a ,r^ /3 ) = ( £a ,r^) . (114) 

The ideal I < t is spanned by P M and Q a , whereas the semisimple factor s = so(W) © 
5o{W' L ) is spanned by L^ v and L^. The canonical dual basis for I* is P M and Q a , relative to 
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which the differential in the deformation complex C* := C'(I;t) B is defined by the following 
relations 

dp ^ = \K?Q a a Q 13 

dQ a = 
dP^ = 

„ » (115) 

dQ a = -KpQ 13 ® P„ V ' 

dL^ = T] w P p ®P U - r) vp P p ® P M + ±Q Q ® I> • Q a 
dL a b = \Q a ® T a b ■ Qa ■ 

There are no 0-cochains since 6 s = 0. The space of 1-cochains is two-dimensional, spanned 
by P M ® Pfj, and Q a ® Q a , corresponding to the identity maps W — > W and Ad6 Ad6- The 
space of 2-cochains is 5-dimensional and is spanned by P M A?"® L pv , P^ A Q a ® • Q a , 

Q a f\Q p ® rJgP^, Q a a qp ® (r^^) Q/3 v and Q a aq 13 ® (r a W) a/3 L ab- 

Computing the differential d : C 1 — ► C 2 , we find that = R, with representative 

cocycle 2P M ® P M — Q a ® Q a , which means that dimP 2 = 1, spanned by d(Q a ® Q a ), say. 
Computing the differential d : C 2 — > C 3 and employing the usual arguments, we see that any 
nontrivial cocycle must be of the form 

9 = a x P» AQ a <SiT fl -Q a + a 2 Q a A Q? ® (r""^)^ + a 3 Q a A Q' 3 ® {T ab u w ) aP L ab . (116) 

Computing its differential we find two types of terms which must vanish separately for to 
be a cocycle. The first term takes the form 

P p AQ a AQ /3 ®P,(-a 1 (r^ w )\r^ + 2a 2 (T/u w ) al3 ) . (117) 

Using that 

= -{u w e ai T li r v ei 3 ) 

and that the second term is skewsymmetric in a <-> /?, the above term in dG becomes 

(ai + 2a 2 )(r/i^) a/3 P' i A Q a A Q' 3 ® P v , (119) 
whence dQ = forces ai = — 2a 2 . The second type of term in dQ is given by 

\Q a NCpNQP%Q& (ail*, (T^ w ) s 7 + a 2 {T» v v w ) ap (T^) 5 7 + a 3 {T ab u w ) a(3 (T ab ) s 7 ) , 

(120) 

whose vanishing is equivalent, via a polarisation identity, to the vanishing of 

oi (e, T^e) r> w e + a 2 (e, T pv u w e) T^e + a 3 (e, T ab u w e)T ab e = (121) 
for all e G A+. Using the Clifford identities 

r^£ = e*r c £ and ±e o6 T 6c e = TV^e (122) 
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for e G A+, we see that 

(£,F ab u w e)T ab £ = 2(£,T C £)T C V W £ 

= -2u w (e, T C £)T C £ , 

X 1 123 

= 2U W (£,T»£)T PL £ 

= 2(e,T> x £)T lx v W £ , 

using equation (j62j) . Plugging the above into the Fierz identity (I137p . we find 

(e, T^vwe) T^e = -10(e, I^r^e , (124) 

whence the second part of the cocycle condition d@ = becomes 

(ai - 10a 2 + 2a 3 ) (e, T^e) T^u W £ = (125) 

for all £ £ A+, which implies a\ = 10a2 — 2a%. Putting both conditions together, we find that 
the nontrivial cocycle is a multiple of 

G = -2P" A Q a ® • Q a + Q a A <8> {T^u w ) ap + 6Q a A ® (r a V w ) Q/3 L ab , (126) 

which shows that # 2 (e;f) = R. 

To first order in the deformation parameter t, the nonvanishing Lie brackets corresponding 
to the above cocycle, in addition to those of s which do not deform, are given by 

[-fit) Qa] — 2tr/j • Q a 

(127) 

[Qa,Qp\ = r^-P^t - 2t(T^ u v w ) a/3 L fJil/ - 12£(r a v w ) a pL ab . 

There is an obstruction to integrating this deformation at order t 2 , which can be overcome 
by introducing the bracket 

\P^P V ) = 16t%„ . (128) 
One can check that the above Lie brackets now satisfy Jacobi for all t. When t ^ 0, one can 
rescale P^ and Q a in order to get rid of t and bring the Lie algebra to the following form 

[Pp, Qa] = 2 r /u ' Qa (129) 
[Qa,Qfi] = ± {^apPfi - \^ ll ' Vv w)apL ilv - 2,{T ab V W ) a f 3 L ab 

The bosonic subalgebra is now 5o(2,6) © so(3) and the Lie superalgebras above are real 
forms of the simple Lie superalgebra of type D(A, 1) in Kac's classification [22]. In fact, it is 
isomorphic to osp(6,2|2), which is the conformal superalgebra of six-dimensional Minkowski 
spacetime, which suggests that the worldvolume of the D6-brane curves to AdSy. 

This deformation is related via Kaluza-Klein reduction to the similar deformation of the 
Kaluza-Klein monopole superalgebra in equation (95) of [U Section 5.2]. 

5. Conclusions 

In this paper we have explored the Lie superalgebra deformations of the Killing superalge- 
bras of ten-dimensional supergravity backgrounds. We have concentrated largely on the flat 
vacua, which have been shown to be rigid, and the elementary asymptotically flat branes. All 
have been found to be rigid except for the following: 

• Types I and IIB Dl-brane superalgebra, with deformed superalgebras given by ([9]) 
and (|25|) . respectively; 
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• Types IIA and IIB fundamental string superalgebras, with deformations ([72]) and (|30|) . 
respectively; 

• Type IIA D2-brane superalgebra, with deformation (|90l) . isomorphic to so(2, 1) ©f(4); 

• Type IIA D6-brane superalgebra, with deformation (|129|) . isomorphic to osp(6,2|2); 
and 

• Type IIB D7-brane superalgebra, with deformation (|49|) . 

In particular, these two latter deformations are related to the deformation of the delocalised 
M2-brane found in Section T4.4.1 l and that of the Kaluza-Klein monopole background of eleven- 
dimensional supergravity in equation (95) of [1] Section 5.2]. 

These results seem to suggest a geometric origin for the deformations found in this paper, 
simply because it would otherwise be difficult to justify their good behaviour under a geomet- 
ric process such as Kaluza-Klein reduction. If a background has a symmetry superalgebra 
= 00 © 01 and we consider its Kaluza-Klein reduction along the one-parameter subgroup 
generated by some element I € go, then the symmetry superalgebra t of the quotient is 
isomorphic to n/f}x, where t)x < 0o is the one-dimensional Lie subalgebra spanned by X and 
n < g is the normaliser of \]x hi 0. As a Lie superalgebra, t = 6o © 6i> where t\ are those 
elements of 0i which commute with X and 6o is the normaliser of X in go modulo the span 
of X. It is easy to check that for the delocalised M2 brane and the D2, which is its reduction 
along the delocalised direction, and for the Kaluza-Klein monopole and the D6, which is 
its reduction along the central element, the Killing superalgebras do indeed behave in the 
way just stated and moreover so do their deformations. It is precisely this coherence under 
Kaluza-Klein reduction which suggests that the deformations do have a geometric construc- 
tion. Furthermore, as explained in Section 14.31 the deformation of the M2 brane does not 
induce a deformation of the fundamental string because the dimension of the superalgebras 
are different. Although it has not been the purpose of this paper to elucidate the geometric 
interpretation of the deformations found here and in [T] — this will be reported on in [12] — we 
nevertheless believe that we have given evidence that such an interpretation ought to exist. 
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Appendix A. Spinorial conventions 

We work with a mostly plus metric and with a plus sign in the Clifford algebra. Let V 
denote an eleven-dimensional lorentzian vector space with signature (10, 1) and let C£(V) 
denote its Clifford algebra. It is well-known that C£(V) = End(A) © End(A'), where the 
irreducible Clifford modules A and A' are real and 32-dimensional and are distinguished by 
the action of the central element vy corresponding to the volume form on V. We will work 
with A, say. Introduce an orthonormal frame eo, e±, . . . , eu for V and denote the corresponding 
elements in C£(V) by Tq, . . . Let W = (e^) ± be the ten-dimensional lorentzian subspace 
perpendicular to e^. Although A is irreducible under so(V), it decomposes under 50 (IF) as 
A = A + ©A_, each summand being an eigenspace of Tu. The invariant symplectic form (— , — ) 
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on A is such that A± are lagrangian subspaces. If ip G A, then there is an eleven-dimensional 
Fierz-type identity which reads 

\ (ip, v MN ^) r MJV v = -5 (v, r M v) r M ip , (130) 

and a similar identity involving the natural 5-form: 
which is consistent with the Fierz identity 

32A^ = r M ^> r M - i r MA V} r MJV + £ (y>, r Mi - M ^) r Ml ... Mg , (m) 

with A,/, € End(A) the rank-1 endomorphism defined by A^,(x) = (ip,x) r 4 } - 

We may reinterpret identity (I130p in ten dimensions as follows. Let ^ = (^ £ + ^j > w ith 
e± G A±. Using that for any e G A±, 

(e,r A e)r A e = , (132) 
where A = 0, 1, . . . , 9, we may unpack equation (|13U|) as 

4(e±,r A e±)r A e T - 10 (e ± ,e T ) e± + (e±,r AB e T )r AB e± = . (133) 

In this paper we will need the restriction of this identity to various subspaces of A or A + 
or of 2A + , depending on the supergravity theory in question. For type II D-branes, we will 
be interested in the graphs of linear maps vw ■ A + — > A± inside A + © A±, with vw the 
volume form of a lorentzian subspace of V associated to a brane worldvolume. 

In the case of IIB D-branes, W is even-dimensional, and hence Uw ■ A + — ► A+. The Fierz 
identity of relevance is the restriction of equation (|132l) , which now says 

<e,r"e)iy- =0 , (134) 

for /i = 0, . . . , dim W. 

In the case of IIA D-branes, W is odd-dimensional, and hence vw : A + — ► A_ and its 
graph consists of spinors with e_ = v>w^+- In this case, the two identities (|133|) become 
equivalent to this one: 

4 (e, T A e) T A u w e - 10 (e, u w e) e + (e, T^^e) I^e = , (135) 

for all e G A+. We can refine this identity further. Let aw '■= — (— l) P//2 > where dim W = p+1 
with p even. The it follows that (fwEi,^) = (£i>"w£2) and similarly that = awl- 
Letting e M and e a denote orthonormal frames for W and W^, respectively, we have that 

u w T^ = T^v w whereas v w T a = -T a v w . 

Using this it is not hard to show that if aw = — L so that dimVF = 1 (mod 4), then 
(e, r^i/^e) = and (e, Y ab vw£) = , whence the identity (|135() becomes 

4 {e, T^e) Y^e + 5 (e, i/ w e) %e + (e, fV^e) r M „i/ w e = . (136) 

On the other hand, if aw = 1, so that dimlU = 3 (mod 4), then (s, T^v^e) = and 
(e, Vw&) = , whence the identity (|135|) becomes 

8 (e, F^e) r M e + (e, Y^v w e) T^v W £ + U V ab u w e) ^ab^w£ = . (137) 



For branes which are not D-branes, e.g., the fundamental string and the NS5-brane, the 
subspace of Killing spinors is not naturally a graph. Any Fierz identities used in those 
calculations will be recalled as needed. 
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